ICHEP 2002 , Amsterdam , July 2002

. LARGE N CALCULATIONS OF PECULIAR PHASE TRANSITIONS IN A SUPERSYMMETRIC MODEL

Moshe Moshe^a and Jean Zinn-Justin^b

a Department of Physics, Technion – Israel Institute of Technology, Haifa, 32000 ISRAEL b CEA-Saclay, Service de Physique Théorique F-91191 Gif-sur-Yvette Cedex, FRANCE and Institut de Mathématiques de Jussieu–Chevaleret, Université de Paris VII

(a) email: moshe@physics.technion.ac.il (b) email:zinn@spht.saclay.cea.fr

Supersymmetric models in the large N limit

d=3, O(N) invariant supersymmetric action

S(Φ) = ∫ d^3x d^2θ

[_1 2 D̄Φ · DΦ + NU(Φ^2/N)]

Φ is an N-component vector, Φ(θ) = φ + θ̄ψ +^1_2 θ̄θF .

In component form for a generic super-potential:

S = ∫ d^3x [ −^1_2 ψ̄∂̸ψ +^1_2 (∂_μφ)^2 −^1_2 U^′(φ^2/N)ψ̄ψ

−U^{′′}(φ^2/N)(ψ̄φ)(φψ)/N +^1_2 φ^2U^{′2}(φ^2/N) ] .

Large N methods for supersymmetric actions

Introduce two new superfields:

L(θ) = M + θ̄ℓ +^1_2 θ̄θλ R(θ) = ρ + θ̄σ +^1_2 θ̄θs.

Add an extra term to the action:

S(Φ, L, R) = ∫ d^3x d^2θ

{_1

2 D̄Φ · DΦ + NU(R) + L(θ) [Φ^2(θ) − NR(θ)]}

Integrate N − 1 components of Φ, keep Φ_1 ≡ ϕ. Z = ∫ [dϕ][dR][dL] e^{−SN (ϕ,R,L)}

S_N = ∫ d^3x d^2θ

[_1 2 D̄ϕDϕ + NU(R) + L (ϕ^2 − NR)] +^1_2 (N − 1)Str ln [ −D̄D + 2L ] . Note action ∼ N and thus three addle point equations

Action density: E = S_N /volume :

E simplifies into

E/N =^1_2 M^2φ^2/N + 1 24π (m − |M|)^2(m + 2|M|)

E is positive for all saddle points

E has an absolute minimum at m_φ ≡ m = |M| = m_ψ

( a supersymmetric ground state ).

Φ^4 super-potential in d = 3: phase structure

U(R) = μR +^1_2 uR^2

Gap equations (saddle point equations) reduce to

M = μ − μ_c + u φ^2 N − u 4π |M| , Mφ = 0 φ^2 = 0 μ − μ_c I II M_− M_+ M_+ u/u_c M_− IV III

φ^2 ≠ 0

Fig. 1 Summary of the phases of the model in the {μ − μc, u} plane. Here mφ = mψ = |M±| = (μ − μc)/(u/uc ± 1). The lines u = uc and μ − μc = 0 are lines of first and second order phase transitions.

The action density. 1 N E(m, φ) =^1_2 M^2(m, φ) φ^2 N + 1 24π [m − |M(m, φ)|]^2 × (m_φ + 2 |M(m, φ)|) .

Fig. 2 Region IV : The action density^1_N E(m, φ) as a function of the boson mass (m) and A, where A^2 = φ^2/uc. Here μ − μc = −1 , u/uc = 0.2. As seen here there are two distinct degenerate phases. One is an ordered phase (φ ≠ 0) with a massless boson and fermion, the other is a symmetric phase (φ = 0) with a massive (m = |M−|) boson and fermion.

Fig. 3 Region II: The action density E(m, φ) as a function of the boson mass (m) and A, where A^2 = φ^2/uc. Two degenerate, O(N) symmetric phases exist with massive bosons (and massive fermions). Here μ − μc = 1 (sets the mass scale) u/uc = 1.5.

.

Fig. 4 The action density^1_N E(m, φ = 0) in region II of Fig. 1. Here μ − μc = 1 (sets the mass scale) and u/uc= varies between 1.6 and 1.2. There are two massive, degenerate O(N) symmetric SUSY vacua with φ = 0 and possible large hierarchy of masses |M−/M+| >> 1 (as u → uc ) with mψ = mφ = M+ = (μ − μc)/(u/uc + 1) and mψ = mφ = −M− = (μ − μc)/(u/uc − 1).

.

Special situation.

u = u_c = 4π .

0.1 ⟨LL⟩ propagator, bound states and massless fermion and boson O(N) singlet bound states The ⟨LL⟩

− N 2u ∫ d^3x d^2θ(L − μ)^2 +^1_2 (N − 1)Str ln ( −D̄D + 2L ) .

Δ^{−1}_L = − N 4π|M| [ 1 + {M + |M|(u_c/u)}δ^2(θ^′ − θ) ] e^{iθ̄p̸θ′} .

Corresponds to a super-particle of mass 2M(1 + u_c/u) At the special point u = u_c the mass vanishes.

E.g. the ψφ scattering amplitude T_{ψφ,ψφ}(p^2), in the limit p^2 → 0 satisfies

T_{ψφ,ψφ}(p^2) ∼ 2u N [ 1 + u 4π M |M| + u 2π ip̸ |M| ]_{−1} → − 4πi N |M| p̸ for M < 0 and u → u_c

A supersymmetric non-linear σ-model at large N

Consider the supersymmetric non-linear σ-model in d dimensions, 2 ≤ d ≤ 3.

S(Φ) = 1 2κ ∫ d^dx d^2θ D̄Φ · DΦ (0.1)

Dimension d = 3.

E/N = 1 2Nκ M^2φ^2 + 1 24π (m − |M|)^2(m + 2|M|), (0.2)

Dimension d = 2.

E N = 1 8π [ m^2 − M^2 + 2M^2 ln(M/m) ] .

M = m = Λ e^{−2π/κ} .

O(N) supersymmetric model at finite temperature Z = ∫ [dϕ][dR][dL] e^{−SN (ϕ,R,L)}, (0.3)

S_N = ∫ d^3x d^2θ

[_1 2 D̄ϕDϕ + NU(R) + L (ϕ^2 − NR)] +^1_2 (N − 1)Str ln [ −D̄D + 2L ] . (0.4)

Δ(k, θ, θ) = 1 k^2 + M^2_T + λ +θ̄θM_T ( 1 k^2 + M^2_T + λ − 1 k^2 + M^2_T )

M_T the expectation value of M(x) at finite temperature T .

G_2(m_T , T ) = T (2π)^{d−1} ∑ n∈Z ∫_Λ d^{d−1}k (2πnT )^2 + k^2 + m^2_T = ∫_Λ d^{d−1}k (2π)^{d−1} 1 ω(k) ( 1 2 + 1 e^{βω(k)} −1 )

Fermions:

G_2(M_T , T ) =

∫_Λ d^{d−1}k (2π)^{d−1} 1 ω(k) ( 1 2 − 1 e^{ω(k)/T} +1 )

with ω(k) = √ k^2 + M^2_T .

1 N F = − F^2 2N + M_T F φ N + λ φ^2 2N +^1_2 s(U^′(ρ) − M_T ) − 1 12π ( m^3_T − |M_T |^3 )

+^1_2 λ(ρ_c − ρ) + T ∫ d^2k (2π)^2 { ln[1 − e^{−βωφ} ] − ln[1 + e^{−βωψ} ] }

Peculiar transitions can occur in this system

Region (II) μ − μ_c ≥ 0 and u ≥ u_c: (Fig. 5).

Fig. 5 The ground state free energy^1_N F(m ≡ mφ, φ, T ) at φ = 0 as a function of the boson mass (m) at different temperatures. Here μ−μc = 1(this sets the mass scale) , u/uc = 1.5 and T varies between T = 0−−0.5. At T = 0 two degenerate O(N) symmetric phases exist with a light m = m+ and heavier m = m− > m+ massive boson (and fermion). As the temperature increases, the light mass phase is stronger affected as its entropy increases faster and becomes the only ground state.

Region (IV) μ ≤ 0 and u ≤ u_c: Fig. 2).

Fig. 6 Same as Fig. 2 but the temperature has been increased from T = 0 (in Fig. 2) to T = 0.7 (here).^1_N F(m ≡ mφ, φ, T ) as a function of the boson mass (m) and A, where A^2 = φ^2/uc. Here μ = −1 and u/uc = 0.2. A non-degenerate O(N) symmetric ground state (φ = 0) appears with a very small boson mass (the non-zero mass is not seen here due to the limited resolution of the plot).

Fig. 7 This figure displays the effect of increasing the temperature from T = 0 in Fig. 2 to T that varies between T = 0 − 0.7 (Fig. 6 has T = 0.7). The ground state free energy^1_N F(m ≡ mφ, φ, T ) at φ = 0 is plotted as a function of the boson mass (m) at different temperatures. Here μ = −1, u/uc = 0.2. At T = 0 there are two degenerate phases: An O(N)-symmetric phase, shown here, with a massive (m = m−) boson and fermion and an ordered phase (φ ≠ 0) with massless particles (both phases are shown in Fig. 2). At finite temperatures the O(N) symmetry is restored (see Fig. 6) and a small mass ground state appears, the heavy mass state decays into the small mass ground state as seen here.

Supersymmetric O(N) non-linear σ-model at finite temperature

Z = ∫ [dΦ][dL] e^{−S(Φ,L)} (0.5)

with

S(Φ) = 1 2κ ∫ d^dx d^2θ D̄Φ · DΦ + L(Φ^2 − N) , (0.6)

The free energy is given by 1 N F =^1_2 (M^2_T − m^2_T ) ( 1 κ − 1 κ_c ) − 1 12π ( m^3_T − |M_T |^3 )

+ T ∫ d^2k (2π)^2 { ln[1 − e^{−βωφ} ] − ln[1 + e^{−βωψ} ] } . (for φ = 0): 1 N F = 1 24π (m_T − |M_T |)^2(m_T + 2|M_T |) + T 4π (m^2_T − M^2_T ) ln(1 − e^{−mT /T} ) + T ∫ d^2k (2π)^2

{ln(1 − e^{−βωφ} ) − ln(1 + e^{−βωψ} )}.

notation X(κ, T ) = exp [ 2π T ( 1 κ_c − 1 κ )] . An interesting non-analytic behaviour: { M_T = 0 for X < 2, M_T = 2T ln

[_1 2 (X + √ X^2 − 4) ] for X > 2 .

The boson thermal mass m_T :

m_T = 2T ln

[_1 2 (X + √ X^2 + 4) ] . For κ < κ_c and T → 0 we find the asymptotic behaviour m_T ∼ T X(κ, T ),

Dimension d = 2. At high temperature T m_T ∼ 1 π ln(m_T /m) ∼ 1 π ln(T/m),