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This talk is based on the work with

T. Kimura (Osaka) and M. Nitta (Purdue):

1. Calabi-Yau Manifolds of Cohomogeneity One as

Complex Line Bundles (hep-th/0202064)

2. Ann. Phys. 296 (2002) 347-370 (hep-th/0110216)

3. Nucl. Phys. B623 (2002) 133-149, (hep-th/0108084)

4. Phys. Lett. B518 (2001) 301-305 (hep-th/0107100)

5. Phys. Lett. B515 (2001) 421-425 (hep-th/0104184)
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1. Introduction

Nonlinear σ models in two dimensions:

L(x) =
1

2
gmn(φ)∂µφ

m∂µφn

• take values on curved manifolds
• are renormalizable
δgmn ∝ Rmn Ricci curvature

• describe strings in curved space
� Conformal Invariance
� N = 2 Supersymmetry

⇒ Nonlinear σ models on Ricci-flat

manifolds with N = 2 supersymmetry
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2. N = 2 SUSY Nonlinear σ Models in 2D

Aa(x) : complex scalar, ψa(x) : complex fermion

L(x) = gāb∂µA
a∂µĀb̄ + igābψ̄

b̄(/Dψ)a +
1

4
Rābcd̄ψ

aψcψ̄b̄ψ̄d̄

gāb(A, Ā) = ∂2K(A,Ā)
∂Aa∂Āb̄

= K,āb (A, Ā)

K(z, z̄): Kähler potential

manifold: Kähler manifold

Γcab = gcd̄gbd̄,a = gcd̄K, abd̄

(Dµψ)a = ∂µψa + ∂µAbΓabcψ
c
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3. Ricci Flat Kähler Manifolds

Rāb = −∂a∂b̄ logdet(gcd̄) = 0 PDE

Use symmetry to reduce PDE to ODE!

Ricci-flat ⇐⇒ det(gcd̄) = const.× |f(A)|2
Eg: Ricci-flat mfd. with U(N) symmetry

�φ =




φ1

· · ·
φN−1

φN



= σ




ϕ1

· · ·
ϕ(N−1)

1




(Calabi)
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Assumption: Kähler Potential K = K(X)

is a function of X = log (�φ†φ) = log |σ|2 +Ψ

where Ψ = log (1 +
∑
i |ϕi|2)

Fubini-Study metric of CPN−1

M : φi = σϕi (i = 1, · · · , N − 1), φN = σ

det(gāb) = |σ|2N−2 e−NXK′′(K ′)N−1
︸ ︷︷ ︸

const.

⇒ K′(X) = (λeNX + b)
1
N

Regular coordinate: (ρ, ϕi) where ρ = (σ)N

N

When ρ→ 0, M ∼ C ×CPN−1 of radius b1/N

When ρ→ ∞, M ∼ CN/ZN
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Our New Result

We have constructed noncompact Ricci-flat mfd. M

for each hermitian symmetric space (HSS) G/H, by

introducing one additional complex coordinate ρ.

Kähler potential of M : K ′(X) = (λeX + b)
1
D

X = log |ρ|2+hΨ(ϕ, ϕ̄), G-invariant (Nibbelink,2000)

D: complex dimensions of M

h = C2(G)
2 (dual Coxeter number of G)

Ψ(ϕ, ϕ̄): Kähler potential of HSS (IKK, 1986)

Hermitian Symmetric Spaces (HSS)

= Kähler G/H which satisfy

[broken,broken] ⊂ unbroken
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Hermitian Symmetric Spaces

G/H D = dim(G/H) + 1 h
SU(N)/SU(N − 1) × U(1) N N
U(N)/U(N −M) × U(M) M(N −M) N
SO(N)/SO(N − 2) × U(1) N − 1 N − 2

Sp(N)/U(N) 1
2N(N + 1) + 1 N + 1

SO(2N)/U(N) 1
2N(N − 1) + 1 N − 1

E6/SO(10) × U(1) 17 12
E7/E6 × U(1) 28 18

CPN−1 = SU(N)/SU(N − 1) × U(1)

GN,M(C) = U(N)/U(N −M) × U(M)

QN−2(C) = SO(N)/SO(N − 2) × U(1)
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Summary and Discussion
• Noncompact Ricci-flat mfd. with isometry
G are constructed by adding a complex
coordinate to Hermitian Symmetric Spaces

- metrics are known explicitly!
• Can be generalized to G/H Kähler-Einstein

manifold (Rīj = hgīj)

- Page-Pope (1987), HKN (2002)
• Further Fun?

- What is the corresponding CFT?
- Relation to Kazama-Suzuki Models?
- Off-critical Behavior?
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Examples
• Isomorphism

- CP1 
 O(4)/U(2) 
 Sp(1)/U(1) 
 Q1

- Q2 
 CP1 × CP1

- CP3 
 SO(6)/U(3)
- Sp(2)/U(2) 
 Q3

- G4,2 
 Q4

• Lower dimensional manifolds
- C × CP1 ⇒ Eguchi-Hanson (1978)
- C ×Q2 ⇒ Conifold

Candelas-de la Ossa (1990)
Pando Zayas-Tseytlin (2000)
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N = 2 SUSY in 2-dimensions

•Superspace

xµ µ = 0,1 Bosonic coordinates
θα α = 1,2 complex spinor

• Chiral Superfield

φ(x, θ) = A(x) + θψ(x) +
1

2
θ2F (x)

A(x) complex scalar
ψ(x) complex fermion
F (x) auxiliary field
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• Real Superfield (Gauge Superfield)

V (x, θ, θ̄) = φ(x) +
(
θψ+ θ̄ψ̄

)

+1
2θ̄γµθV

µ(x) + 1
2θ̄θS + 1

2θ̄iγ3θP

+1
4(θ̄

2θλ+ θ2θ̄λ̄) + 1
16θ

2θ̄2D(x)

V µ(x) Gauge Field; S Scalar
λ(x) Gaugino P Pseudo Scalar

• SUSY Lagrangian:
D-term {K(φ∗, φ)}D
F -term {W (φ)}F

L(x) = {K(φ∗, φ)}D + {W (φ)}F + h.c.
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Riemann Curvature

Rāb̄cd̄ = ∂cΓ
ā
b̄d̄ = ∂c(g

māgmb̄,d̄)

Rābcd̄ ≡ gam̄R
m̄
b̄cd̄

= K, ābcd̄−gmn̄K,mb̄d̄ K, n̄ac
Rcci Curvature

Rāb = −gcd̄Rcd̄āb = −∂a∂b̄ logdet(gcd̄)
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